Abstract. -Let R be a strictly local ring which is complete for a discrete valuation, with fraction field K. Let X be a smooth, proper variety over K. Nicaise conjectured that the rational volume of X is equal to the trace of the tame monodromy operator on ℓ-adic cohomology if X is cohomologically tame. We prove his conjecture for a very large class of such varieties: those having logarithmic good reduction.
Introduction
Let R be a strictly local ring which is complete for a discrete valuation, with fraction field K. Assume that the residue field k of R is algebraically closed, of residue characteristic p > 0. Fix a prime number ℓ = p. Let K s be a separable closure of K, and let K t be the tame closure of K inside K s . Let ϕ be a topological generator of the tame inertia group I t = Gal(K t /K), which is procyclic; this is the tame monodromy operator. Let P = Gal(K s /K t ) be the wild inertia group.
Let X be a proper, smooth K-variety. One cannot simply "count" the number of rational points on X, but one can use other measures for the number of rational points on X. One such measure, the rational volume, can be constructed using a so-called weak Néron model of X. Definition 1.1. -A weak Néron model for X is a smooth, separated R-scheme of finite type X , endowed with an isomorphism X × R K ∼ = X, such that the natural map X (R) → X (K) = X(K) is a bijection.
Such a model always exists: one can simply take a Néron smoothening of any proper R-model over X, cfr. [2, Theorem 3.1.3]. Definition 1.2. -The rational volume s(X) of X is the ℓ-adic Euler characteristic of the special fibre of a weak Néron model for X.
That the integer s(X) does not depend on the choice of a weak Néron model is a deep result; the only known proof for this fact uses the theory of motivic integration. For more details, we refer to the foundational paper of Loeser-Sebag on the motivic Serre invariant [12] and subsequent work by Nicaise-Sebag [16] and Nicaise [14] .
One has s(X) = 0 if X(K) = ∅, since then X (viewed as an R-scheme) is a weak Néron model for itself. Nicaise asked in [14, §6] whether the rational volume has a cohomological interpretation similar to the Grothendieck-Lefschetz formula: if the variety X is cohomologically tame, i.e. if the wild inertia subgroup P acts trivially on the étale cohomology groups H i (X, Q ℓ ) (where X = X ⊗ K K s ), and if moreover X(K t ) = ∅, do we have the equality (1) s(X) =
The left-hand side of this formula is defined from the special fibre of an integral model of X, whereas the right-hand side (which is a priori an element of Q ℓ ) involves only the generic fibre. Nicaise and Sebag proved a formula of this type for nonarchimedean analytic spaces [16, §5] ; their formula is an arithmetic analogue of the one obtained earlier by Denef and Loeser in [4] . Subsequently, Nicaise proved the equality (1) in equal characteristic zero [14, §6] and if X is a curve [14, §7] ; Halle and Nicaise proved (1) if X is a semi-abelian variety [7, Chapter 8] .
The goal of this paper is to prove the equality (1) if X has logarithmic good reduction. Our main theorem is the following: Theorem 1.3. -Let X be a proper, smooth K-variety. Assume that there exists a flat, proper R-model X of X such that X † is log smooth over R † . Then (1) holds, i.e.
s(X) =
Here the log scheme X † stands for the model X equipped with the natural log structure, i.e. the divisorial log structure induced by the special fibre X s , and R † is the "log ring" given by the inclusion R \ {0} ֒→ R. We want to stress that the underlying scheme X may very well be singular, even if X † is log smooth.
By work of Nakayama [13, Corollary 0.1.1], varieties with log good reduction are automatically cohomologically tame. Moreover, the existence of a log smooth model for X implies that X(K t ) = ∅. Indeed, by Kato's criterion (Definition 2.2), the special fibre of such a model has at least one irreducible component of multiplicity prime to p, and a smooth k-point on this component can then be lifted to a K t -point on X. Conversely, if X is a cohomologically tame curve of genus at least 2, then X has log good reduction, by work of Stix [21, Theorem 1.2] . For curves of genus 1, one moreover needs to assume the existence of a K t -point. It is not clear whether cohomological tameness and the existence of a K t -point imply the existence of a log smooth model in the higher-dimensional case.
Let us describe the strategy of the proof. Let X be a model of X over R such that the log scheme is log regular in the sense of Kato [10] . One can associate to X † its fan F (X ), which is a finite monoidal space. There exists a morphism of monoidal spaces π : (X , M ♯ X ) → F (X ) which we call the characteristic morphism; here M X is the sheaf of monoids defining the log structure on X † , and M
To each x ∈ F (X ), one then associates the locally closed subset π −1 (x) = U (x) of X . These sets give the so-called logarithmic stratification (U (x)) x∈F (X ) of X .
Inspired by computations of Nicaise on strict normal crossings models in [15] , we will give explicit formulae for both the trace of the tame monodromy operator and the rational volume in terms of the logarithmic stratification. The trace of the monodromy operator can be computed using the logarithmic description of the sheaves of tame nearby cycles, first given by Nakayama in the log smooth case [13] and later generalized by Vidal [22] . We obtain
where F (X) (1) denotes the set of height 1 points in the fan F (X ), s(x) ∈ N is an integer which can be read off from the log structure and s(x) ′ denotes the biggest prime-to-p divisor of s(x). The rational volume can be computed using the formalism of log blow-ups developed by Kato [10, §10] (see also Niziol's work [17] ). This gives
Using (2) and (3), one finds
The result then follows from the fact that each term χ(U (x)) in the right-hand side of (4) vanishes. In fact, we will prove the more general result that whenever x ∈ F (X ) (1) is a point for which p divides s(x), then χ(U (x)) = 0. It is only at this point that the logarithmic smoothness assumption needs to be invoked; the previous steps only require the (significantly weaker) assumption that there exists a log regular model. Here the key observation involves the sheaves of logarithmic one-forms on the relevant strata in the logarithmic stratification.
The paper is organized as follows. For the convenience of the reader, we will recall a few important notions from logarithmic geometry in §2. In §3, we prove some technical results on sheaves of tame nearby cycles in the logarithmic setting; we use these to compute the tame monodromy zeta function and to prove (2) . In §4, we use resolution of toric singularities à la Kato-Niziol to prove the formula (3). Finally, in §5, we finish the proof of Theorem 1.3.
Acknowledgements. 
Preliminaries on logarithmic geometry
For basic definitions and properties of monoids and logarithmic schemes, we refer to Kato's foundational text [9] and to the detailed treatments given by Ogus [18] and Gabber-Ramero [6, Chapter 9] . In this section, we briefly recall a few notions which will play an important role in this paper.
2.1. Notation. -We will denote a log scheme by (X, M X ), where X is the underlying scheme and M X is the sheaf of monoids defining the log structure on X, endowed with a morphism of sheaves α X : M X → O X . One can define log structures both on Zariski sites and étale sites; to keep things simple, we will work with Zariski log structures throughout, since these are sufficient for our purposes.
Given a monoid P , we write P ♯ for the associated sharp monoid P/P × , P gp for the group envelope of P and P sat for the saturation of P in P gp .
2.2. Divisorial log structures. -Let X be a locally Noetherian scheme and let D ֒→ X be a divisor on X. Let j : U ֒→ X be the corresponding open immersion, where
defines a log structure on X, the divisorial log structure induced by D.
A special case of this construction is the following. Let S be a trait, i.e. S = Spec R where R is a discrete valuation ring. Let π be a uniformizer. Then R \ {0} ֒→ R defines a log structure on R, the standard log structure, which is exactly the divisorial log structure induced by the divisor given by π = 0. We will denote the corresponding log scheme by S † . If X is a flat R-scheme, then the special fibre X s is a divisor; we denote by X † the log scheme obtained by equipping X with the divisorial log structure induced by X s . This yields a well-defined morphism X † → S † of log schemes. (Sometimes we will simply write R † instead of S † .) 2.3. Fibre products. -Fibre products in the category Log fs of fs log schemes will be denoted by × fs . If S = Spec R is a trait and π ∈ R a uniformizer, we define
Recall that fibre products in Log fs do not commute with the forgetful functor from Log fs to the category of schemes. A simple example illustrating this phenomenon is the following: the underlying scheme of
, which is (geometrically) a disjoint union of d copies of S(d); on the other hand, the fibre product of schemes
2.4. Log regularity and log smoothness. -Kato introduced the notion of log regularity in [10, §2] . We will recall its definition for the convenience of the reader.
Definition 2.1. -Let (X, M X ) be an fs log scheme. Given any point x of X, let
is regular (as a scheme) and
A log regular scheme is a log scheme which is everywhere log regular. Whenever we say/assume that a log scheme is log regular, this implies that the log structure is fs.
Let us also recall the notion of a log smooth morphism of log schemes. Developing this notion was in some sense the main motivation for the theory of logarithmic geometry; it allows one to treat certain singular objects as if they were smooth.
be a morphism of fs log schemes. Then f is log smooth (resp. log étale) if étale locally on X and Y , there exists a chart for f , given by maps P X → O X , Q Y → O Y and u : Q → P , such that the kernel and the torsion part of the cokernel (resp. the kernel and cokernel) of u gp : Q gp → P gp are finite groups of order invertible on X, and the map
is classically smooth (at the level of the underlying schemes).
Recall that a log smooth log scheme over a log regular scheme is again log regular, and that log regular schemes are normal and Cohen-Macaulay.
2.5. The logarithmic stratification. -The characteristic sheaf of a log scheme
To a log regular scheme, one can associate a finite monoidal space, the fan F (X), as follows: as a set,
where m x denotes the maximal ideal in O X,x . Endow the set F (X) with the topology induced by the topology on X and with the inverse image of the sheaf M ♯ X . This is a fan, as proved by Kato in [10, Proposition 10.1]. If X is quasi-compact, then F (X) is easily seen to be a finite monoidal space.
Given a log scheme (X, M X ), one often considers the rank stratification of X, constructed starting from the characteristic sheaf: denote
The sets X i \ X i−1 are locally closed and and give the rank stratification of X.
In this paper, we use a finer stratification obtained from the fan of a log regular scheme (X, M X ). In [10, §10.2], Kato defines the characteristic morphism:
This is an open morphism of monoidal spaces. Given x ∈ F (X), let U (x) := π −1 (x): this is a locally closed subset of X. This gives the logarithmic stratification (U (x)) x∈F (X) of X.
When endowed with the reduced scheme structure, each stratum is irreducible and regular [6, Corollary 9.5.52(iii)]. For each x ∈ F (X), we will denote by U (x) the Zariski closure of the stratum U (x) inside X, again equipped with the reduced scheme structure. The height h(x) of a point x in F (X) is defined as the dimension of the monoid M F (X),x . The set of points of F (X) of height equal to i will be denoted by F (X) (i) . We have the equality of locally closed, reduced subschemes
Nearby cycles and the monodromy zeta function
The main goal of this section is to calculate the tame monodromy zeta function of a smooth, proper K-variety X, starting from a proper R-model X such that X † is log regular. To do so, we use the "logarithmic" description of the sheaves of tame nearby cycles, first given by Nakayama [13] and later generalized by Vidal [22] ; along the way, we prove some technical results on nearby cycles.
Let us first introduce some easy terminology:
A log scheme (X , M X ) is vertical over R † if and only if X = X × R K is precisely the locus of triviality of the log structure. In particular, if X is a flat R-scheme, then X † is vertical over R † . We will then simply say that "the log structure is vertical". Definition 3.2. -Let (X , M X ) be a vertical log scheme over R † which is log regular. Let x ∈ F (X ) (1) be a height 1 point in the fan of X . Let N → P be a chart for the log structures around x, where P is an fs monoid. Then x corresponds to a height 1 prime ideal p in P . Now N → P induces a homomorphism N → P/(P \ p) ∼ = N, which is multiplication by a positive integer s(x). We will call this integer the saturation index of x ∈ F (X ) (1) . The saturation index of (X , M X ) over R † is the least common multiple of the integers s(x) for x ∈ F (X ) (1) .
Let us now recall the definition of the sheaves of nearby cycles. Let S = Spec R, let η be its generic point and let s be its closed point. Let η t be a tame closure of η and let S t be the normalization of S inside η t . Let Λ be Z/nZ, where n is an integer prime to p, or one of Z ℓ and Q ℓ . Let X be a scheme over S and write X = X η . Consider the Cartesian squares
Given F ∈ D + (X, Λ), the corresponding complex of tame nearby cycles is
Now let X be any smooth, proper variety over K and assume that there exists a proper, flat model X of X over R such that X † is log regular. We will analyze the behaviour of the complex Rψ t X (Λ) on the logarithmic strata defined previously. In this setting, we have the following local computation: Lemma 3.3. -With the above notation and assumptions, fix a point x ∈ F (X ). Take z ∈ U (x) and let z be any geometric point lying over z. Then
Here s(x) ′ denotes the biggest prime-to-p divisor of s(x).
Proof. -Nakayama gave a "logarithmic" description of the complex of nearby cycles in the case of log good reduction in [13, Theorem 3.5] . This result was generalized by Vidal in [22, §1.4] ; recall that the complex of nearby cycles is automatically tame in the case of log good reduction [13, Theorem 3.2] . Their result is the following: let C be the locally constant sheaf of finitely generated abelian groups on X s given by
For any q ≥ 1, there is a natural, Galois equivariant isomorphism
Λ) since the log structure is vertical. The stalk of R 0 ψ t X (Λ) at a classical geometric point z lying over s is non-canonically isomorphic to Λ[E z ], where E z is the cokernel of the induced morphism of logarithmic inertia groups I log z → I log s ; this morphism is nothing but Hom(ϕ z , Z ′ (1)), with ϕ as above.
If h(x) = 1, then C z = 0 and therefore
has order s(x) ′ , and the tame inertia group I t acts through
We continue with a technical lemma on monoids.
Lemma 3.4. -Let P be an fs monoid. Let ϕ : N → P be a vertical homomorphism and
and I ⊆ Q sat , the radical of the ideal generated by P \ P × .
Proof. -Let e = ϕ(1). Since the homomorphism ϕ is vertical, e is not contained in any proper face of P . This implies that every non-maximal face of Q is of the form F ⊕ {0}, where F is a non-maximal face of P . In particular, we have an isomorphism
.
, where p ∈ P gp and m ∈ Z. There exists an N ∈ Z >0 such that N (p, (dp + me) ∈ P.
Since P is saturated, dp + me ∈ P . Conversely, if dp + me ∈ P , clearly (p, m d ) ∈ Q sat . If dp + me ∈ P \ P × , then d(p, m d ) = (dp + me, 0) lies in the ideal of Q sat generated by the image of the maximal ideal of P ; hence (p, m d ) lies in I, so we are done. Let us therefore assume that dp + me ∈ P × . Then (p,
Hence there exists y ∈ Q sat such that x + y = 0 in Q sat /Q × , i.e. x + y ∈ Q × . Since dx ∈ Q and dy ∈ Q, we obtain dx ∈ Q × . Using the isomorphism Q × ∼ = P × mentioned above, we see that there exists This leads to the following result: Proposition 3.5. -Assume that X † (as above) is log regular. Fix x ∈ F (X ) and let d ∈ Z >0 be prime to p. The reduced inverse image of U (x) in X (d) † is a finite étale cover of U (x). The degree of this cover divides d and gcd y∈x (1) s(y), where x (1) is the set of generizations of x in F (X ) (1) .
Proof. -On an affine neighbourhood Spec A around x, we have an fs chart for the morphism X † → R † given by a commutative diagram of the form
Similarly, a chart for the log structure on X (d) † is given by the diagram
where p is the prime ideal of P which corresponds to x. Here (p) denotes the ideal of R[P ] generated by p, and p denotes localization with respect to the multiplicative subset of R[P ]/(p) generated by P \p. We may and will assume that p is the maximal ideal of P . Hence we can identify U (x) ∩ Spec A with the spectrum of
The (reduced) inverse image of U (x) in X (d) † can be described in a similar way. The fact that this inverse image is étale over U (x) is now an immediate consequence of Lemma 3.
(recall that we have chosen d prime to p).
We will now analyze the degree of this étale cover. We can safely assume that P gp is torsion free. Choose an isomorphism P gp ∼ = Z r , for some r > 0. Let v be the image of 1 under the composition N → P → P gp → Z r . Hence we get an identification
Write v = λv 0 , where λ ∈ Z and v 0 is a primitive vector. Hence the order of the torsion in Q gp divides gcd(d, λ). The statement about the degree of the étale cover now follows from Lemma 3.4, together with the observation that λ divides the saturation index s(y) for any y ∈ x (1) . Indeed, if p is the height 1 prime ideal of P corresponding to y, then s(y) can be identified with the image of 1 under P → P/(P \ p) ∼ = N. Consider the homomorphisms
since the image of 1 in P gp is divisible by λ, so is the integer s(y), since this is simply the image of 1 in the quotient P gp /(P \ p) gp ∼ = Z.
We can now prove the following result about sheaves of tame nearby cycles:
Theorem 3.6. -As above, assume that X † is log regular and fix x ∈ F (X ). Write Λ = Q ℓ for some prime ℓ = p. The sheaves R n ψ t X (Λ) are lisse on U (x) and tamely ramified along the boundary components of any normal compactification. They become constant on a finite étale cover of degree dividing gcd y∈x (1) s(y) ′ .
Proof. -Lets be a log geometric point lying above s. Write Xs = X s × fs ss . We know by [8, Corollary 8.4 ] that the tame nearby cycles complex is given by the formula
Here ε is the canonical map from the Kummer étale site to the classical étale site; of course α need not be an isomorphism at the level of the underlying schemes. Hence Here Xs n denotes the log scheme X s × fs ssn , which is nothing but the special fibre of X (n) † ; the integer n is the biggest prime-to-p divisor of the saturation index of X over R. The degree d x = α(y)=x [κ(y) : κ(x)] of β 2 in a point x equals the cardinality of
Let us now fix x ∈ F (X ). We know that
becomes constant on the inverse image of U (x) in X (n), which is étale by Proposition 3.5; the statement about the degree is a consequence of the fact that n is the biggest prime-to-p divisor of lcm y∈x (1) 
s(y).
This implies that R n ψ X (Λ) becomes constant on the same cover, for any n ≥ 0, since the sheaf C in the proof of Lemma 3.3 is constant on U (x). It follows that the sheaves R n ψ t X (Λ) are lisse, and tamely ramified along the boundary of any normal compactification.
We are now ready to calculate the trace of the tame monodromy operator:
if the point x ∈ F (X ) (1) satisfies s(x) ′ | d; in all other cases, we get no contribution. This concludes the proof of the theorem.
As a corollary, we get a formula for the tame monodromy zeta function of X
The result is an A'Campo type formula (see [1, §1] ):
Proof. -As in the proof of Theorem 3.7, we can actually prove a more general result: if Z is any subscheme of X s , then the equality
holds. This formula can easily be deduced from (8) using the fact that for every field F of characteristic zero, every finite dimensional F -vector space V and every endomorphism g of V , we have the identity
(For similar arguments, we refer to [3, 1.5] and [1, §1] .)
Log blow-ups and the rational volume
As in the previous section, we assume that we are given a smooth, proper K-variety X for which there exists a proper, flat R-model X such that X † is log regular. We will now compute the rational volume of X in terms of the logarithmic stratification.
We start with a simple lemma.
Lemma 4.1. -Under the above assumptions, the generic fibre X = X × R K is smooth. Moreover, the following statements are equivalent:
(A) the scheme X is regular and X s is a divisor with strict normal crossings; (B) for every point x ∈ F (X ), we have
As before, h(x) denotes the height of the point x in the fan F (X ).
Proof. -The fact that the generic fibre is smooth follows from the verticality of the log structure. The underlying scheme X is regular if and only if for every x ∈ F (X ), the monoid M F (X ),x is free and finitely generated by [6, Corollary 9.5.35].
It remains to check that the statement about the special fibre. Assume that (B) holds and fix any x ∈ F (X ). Locally around x, we have a chart given by
where (e i ) 1≤i≤h(x) is the standard basis for N h(x) and 
Indeed, Y is a regular and proper model of Y ; its smooth locus (over R) is a weak Néron model for Y . The smooth locus of the special fibre is precisely the open subscheme y∈F (Y) (1) , s(y)=1 U (y) of Y s , whence (14) .
We can now state and prove the main result of this section:
-Let X be a proper, flat R-scheme such that X † is log regular. Let X = X × R K be the generic fibre. Then
The idea is simple: we consider a subdivision ϕ : F ′ → F (X ) of the fan in the sense of [10, Definition 9.6] such that ϕ ⋆ X satisfies the equivalent conditions of Proposition 4.1; in particular, such that the underlying scheme of ϕ ⋆ X is (classically) regular. This is possible by [10, §10.4] . We can then compute the rational volume starting from the modified model ϕ ⋆ X using (14) . The key technical ingredient needed for this computation is the fact that the log blow-up Bl ϕ : ϕ ⋆ X → X is a piecewise trivial fibration in tori; this is the content of the following lemma.
Lemma 4.3. -Let X be a flat R-scheme such that X † is log regular. Consider a subdivision ϕ : F ′ → F (X ) of its fan. Fix x ′ ∈ F ′ and x ∈ X such that ϕ(x ′ ) = π(x), i.e. x ∈ U (ϕ(x ′ )) ⊆ X . Then we have
where Bl
is the fibre of the log blow-up ϕ ⋆ X → X above x.
Proof.
-Fix x ′ ∈ F ′ and x ∈ X such that x ∈ U (ϕ(x ′ )). The statement is local on X . Hence, by shrinking X if necessary, we may (and will) assume that F (X ) = Spec P and F ′ = F (ϕ ⋆ X ) = Spec P ′ , where P and P ′ are sharp fs monoids.
We can also assume that the natural morphism P → M ♯ X lifts to a homomorphism of sheaves P → M X such that the composition P → M X → O X gives a chart for the log structure on X . Define Q by
this is the submonoid of P gp consisting of the elements of which the image in (P ′ ) gp lies inside P ′ . The obvious map P gp → (P ′ ) gp is surjective; Q does not need to be sharp, but by [6, Lemma 9.6.12] one has Q ♯ ∼ = (P ′ ) ♯ . The log blow-up ϕ ⋆ X is given by
, cfr. the construction in [6, Proposition 9.6.14]. The log structure on ϕ ⋆ X is given by the chart Q → O ϕ ⋆ X .
Let ψ : P → Q be the natural injection, let q be the prime ideal of Q corresponding to x ′ and let p = ψ −1 (q) be the prime ideal of P corresponding to ϕ(x ′ ). The stratum U (ϕ(x ′ )) can then be desribed as
and its Zariski closure U (ϕ(x ′ )) is simply
here (p) denotes the ideal of R[P ] generated by the elements of p, and the subscript p denotes localization with respect to the multiplicative subset of R[P ]/(p) generated by the image of P \ p. Similarly, the stratum U (x ′ ) is now equal to
We have the following pullback diagram:
and hence, taking fibres over x ∈ U (ϕ(x ′ )), the pullback diagram
Therefore it now suffices to prove that the fibres of
are (split) tori of the required rank. Notice that
Similarly, we obtain that
We have a commutative diagram
in which the vertical maps are the isomorphisms mentioned above, the top horizontal arrow is the one which induces the map ⋆ in the previous diagram and the bottom horizontal arrow is induced by the injective homomorphism P \ p → Q \ q obtained by restricting ψ : P → Q. Now P \ p and Q \ q, being submonoids of fs monoids, are themselves fs; the quotient (Q \ q) gp /(P \ p) gp is a subgroup of P gp /(P \ p) gp , since Q (and hence Q \ q) is a submonoid of P . The latter group is a free abelian group of finite type, hence so is its subgroup (Q \ q) gp /(P \ p) gp . This proves that the fibres of ⋆ are split tori; it remains to compute their rank. We have the equalities
gp (the last one uses the fact that P and Q are fine); it is now easy to see that
so we are done.
We are now in the position to prove Theorem 4.2.
Proof. -Choose a subdivision ϕ :
for every x ′ ∈ F ′ . Let Bl ϕ : ϕ ⋆ X → X be the log blow-up associated to ϕ -this is a "resolution of toric singularities à la Kato" [10, §10.4]. The log scheme ϕ ⋆ X satisfies the equivalent conditions of Proposition 4.1; hence (14) applies to ϕ ⋆ X . Since the Euler characteristic is additive with respect to partitions into locally closed subsets and the Euler characteristic of a torus is 0, the result follows from Lemma 4.3.
Proof of the main theorem
We will now finish the proof of Theorem (1.3). From (7) and (15), one immediately obtains the following expression for the so-called "error term" [14, Definition 6.7]: we have
These formulae are valid for any log regular model and the error term ε(X) does not vanish in general. However, it vanishes if X admits a log smooth model. This is an immediate consequence of the following result, which is interesting in its own right:
Proposition 5.1. -Let X be a proper R-model of X such that X † is log smooth over R † . Let x ∈ F (X ) (1) such that p divides s(x). Then χ(U (x)) = 0.
In the case of curves, we know that cohomological tameness implies logarithmic good reduction, by work of Stix [21, Theorem 1.2] . Moreover, Saito's criterion for cohomological tameness of curves [19] gives a precise description of the irreducible components of the special fibre of a log smooth model for which the multiplicity is divisible by the residual characteristic p. Each such component is a copy of P 1 , which intersects exactly two other components, both of which have multiplicity prime to p. The above result can be seen as a partial generalization of this description.
Proof. -Choose x ∈ F (X ) and y ∈ X such that y ∈ U (x). Choose a chart à la Kato (Definition 2.2) for the log structure around y, i.e. an étale neighbourhood V = Spec A of y and a homomorphism of monoids N → P such that
commutes, where P is an fs monoid and u gp : N gp → P gp has the property that its kernel and the torsion part of its cokernel C are finite groups, the order of which is invertible on R. We can safely assume that P is toric (i.e. P gp is torsion free).
The point x ∈ F (X ) corresponds to a prime ideal p ⊆ P and U (x) ∩ V , seen as a reduced, closed subscheme of V , can be described as the fibre product
where (p) is the ideal of A generated by {ϕ(p) | p ∈ p}. Now U (x) becomes a log scheme for the log structure defined locally by P \ p → A/(p), and this log scheme is log regular by [10, Proposition 7.2] . Since k is perfect, it is even log smooth over k (equipped with the trivial log structure). The log structure on U (x) is the one induced by the reduced Weil divisor ∆ supported on the union of the strata U (x ′ ), where x ′ is a (strict) specialization of x in the monoidal space F (X ).
From now on, assume that x ∈ F (X ) (1) and that p divides m = s(x). In the local ring O X ,x , we have π = uf m where u is a unit and f is a local equation of the irreducible component U (x) of X s . We will study the meromorphic one-form dlog u on U (x). If π = vg m is another such factorization in O X ,x , we have dlog u = dlog v on U (x) since the residue field k has characteristic p and p divides m.
Hence dlog u is a well-defined meromorphic 1-form on the irreducible component U (x). Locally around y, it can be described in terms of the log structure, as follows. (log ∆) is locally free (by log regularity) and
Now dlog u (when restricted to U (x)) is a section of Ω 1
(log ∆) and under the above isomorphism, it corresponds to c ⊗ 1. This section does not vanish at any point of U (x): for that to happen, c would need to be divisible by p in the free abelian group (of finite type) (P \ p) gp . Hence a = mb − c would be divisible by p. This means that the cokernel C of u gp has p-torsion, contradicting our assumptions.
The conclusion is that the 1-form dlog u is a nowhere vanishing (holomorphic) section of the vector bundle Ω 1
(log ∆) on the log regular scheme U (x). Hence the top Chern class of this vector bundle vanishes. By [20, "Lemma 0"], which we state below for the reader's convenience, this implies the result, since U (x) = U (x)\∆.
Lemma 5.2. -Let k be an algebraically closed field and let (X, M X ) be a log regular scheme over k (where k has the trivial log structure). Let U be the locus of triviality of the log structure on X. Then χ(U ) = deg c X,M X , where c X,M X is the top Chern class of the vector bundle Ω 1 X (log M X ) on X.
The main idea of the proof is to use log blow-ups to reduce the statement to the case of a smooth k-variety equipped with a divisorial log structure, induced by a strict normal crossings divisor.
